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The implementation of weak-value amplification requires the pre- and post-selection of states of
a quantum system, followed by the observation of the response of the meter, which interacts weakly
with the system. Data acquisition from the meter is conditioned to successful post-selection events.
Here we derive an optimal post-selection procedure for estimating the coupling constant between
system and meter, and show that it leads both to weak-value amplification and to the saturation of
the quantum Fisher information, under conditions fulfilled by all previously reported experiments
on the amplification of weak signals. For most of the pre-selected states, full information on the
coupling constant can be extracted from the meter data set alone, while for a small fraction of the
space of pre-selected states, it must be obtained from the post-selection statistics.
PACS numbers:
Introduction. The notion of weak-value amplification
(WVA), introduced in the pioneer work of Y. Aharonov,
D. Z. Albert, and L. Vaidman [1], has been frequently as-
sociated with the possibility of amplifying weak signals,
as small birefringence effects [2, 3], the spin Hall effect of
light [4], tiny deflections of light produced by moving mir-
rors in optical setups [5–8], slow-velocity measurements
[9], small phase-shifts in interferometers [10], small time
delays of light [11], tiny optical angular rotations [12], or
the measurement of small frequency changes in the opti-
cal domain [13]. As shown in [1] and [14], WVA may also
lead to exotic results. The example in [14] has played a
pioneer role in the development of the theory of quantum
random walks [15] .
The procedure for attaining an amplification of the
weak value, which has as essential ingredient a condi-
tional measurement procedure, can be divided into two
steps: (i) the system to be measured, prepared in a pre-
selected initial state, first interacts weakly with a meter,
through a bilinear coupling – quantified by a coupling
constant g – between observables Aˆ of the system and
Mˆ of the meter, and then is post-selected in a predeter-
mined state, usually taken as almost orthogonal to the
initial state of the system; (ii) the weak value (real part
or imaginary part) is determined by observation of the
meter, whenever the post-selection in the predetermined
state is successful. In this procedure, the amplification of
the weak-value is not deterministic. The interaction be-
tween system and meter is assumed to take place during
a short time interval, so that the free evolution of system
plus meter can be safely neglected.
The possibility of amplifying very weak signals via
WVA leads quite naturally to the question as to whether
such measurements may be used to enhance metrologi-
cal protocols that aim to estimate the coupling constant
g. However, such procedures may lead not only to am-
plification of the signal, but also to the mitigation of
the number of experimental data (statistics) that may
be used to estimate g. This has led to debate on the pos-
sible advantages of weak measurements over the standard
quantum-measurement procedure [16–20]. Proper treat-
ment of this problem requires the machinery of quantum
metrology, which establishes general bounds for the un-
certainty in the estimation of parameters [21, 23–25], de-
fined by the mean-square estimation error, and expressed
in terms of the corresponding quantum Fisher informa-
tions. From [18, 23] and the above discussion, it is clear
that the amount of information on g cannot be superior
to that quantified by the corresponding quantum Fisher
information. This is an upper bound valid for any kind
of measurement, including weak measurements. In spite
of this, practical advantages of weak measurements have
been pointed out [16, 19].
Here we address the formalism of WVA itself, and pro-
pose an optimized post-selection procedure, which ac-
tually saturates the quantum Fisher information corre-
sponding to the estimation of g, in the weak-coupling
limit, and can be applied to all previously reported exper-
iments involving amplification of weak signals. This pro-
cedure leads to a post-selected state that is not, in gen-
eral, quasi-orthogonal to the initial state, as opposed to
the usual approach. We also show that proper handling
of the conditions of weak coupling between quantum sys-
tem and meter involves a limiting procedure concerning
two small quantities, the coupling constant and the over-
lap between initial and post-selected states, which when
tackled properly leads to results at variance with previ-
ously published analyses. These results imply that WVA,
even though relying on a reduced data set, may lead, un-
der proper choice of the detection procedure, to the same
information on the parameter to be estimated as optimal
quantum measurement protocols.
Quantum metrological limits. We look now for the ul-
timate precision limit in the estimation of g for a system
described by the weak-coupling Hamiltonian. We assume
that the meterM and the quantum system A couple lin-
early through the interaction HˆI(t) = ~gδ(t − t0)AˆMˆ , g
taken to be positive and dimensionless, without loss of
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2generality. A and M are initially prepared in the state
|Ψi〉 = |ψi〉⊗ |φi〉, where |ψi〉 is the initial quantum state
of A and |φi〉 is the initial state ofM.
If one estimates the value of a general parameter x
trough ν repeated measurements on the system that
carries information about it, then the minimum reach-
able uncertainty on unbiased estimatives of the param-
eter is determined by the Cramér-Rao limit [26–28]:
δx ≥ 1/√νF (x). Here δx = 〈(x− xest)2〉1/2 is the mean-
square estimation error, the average is taken over all pos-
sible experimental results, and xest is an estimate of the
parameter x, based on the observed data. F (x) is the
Fisher information, defined by
F (x) =
∑
k
1
Pk(x)
[
dPk(x)
dx
]2
, (1)
where Pk(x) is the probability distribution of obtaining
an experimental result k, assuming that the value of the
parameter is x. The Fisher information F (x) depends,
through Pk(x), on the state of the system and on the
measurement performed on it.
The maximization of F (x) over all possible measure-
ments leads to the quantum Fisher information [21–23]
F(x), which depends only on the x-dependent state of
the system, and yields the minimum possible value of δx.
For a pure state |Ψ(x)〉, it is given by [21]
F(x) = 4
[
d〈Ψ(x)|
dx
d|Ψ(x)〉
dx
−
∣∣∣∣d〈Ψ(x)|dx |Ψ(x)〉
∣∣∣∣2
]
. (2)
For Uˆ(g) = exp[−i ∫ HˆI(t)dt] = exp(−igAˆMˆ), and
|Ψi〉 = |ψi〉 ⊗ |φi〉, the maximum amount of informa-
tion on the coupling parameter g that can be obtained
by measurements on A+M is then, according to (2),
F(g) = 4
[
〈Aˆ2〉〈Mˆ2〉 − 〈Aˆ〉2〈Mˆ〉2
]
, (3)
where from now on the averages of operators correspond-
ing to A andM are taken respectively in the states |ψi〉
and |φi〉. We compare now this expression to the one
corresponding to the WVA protocol.
Parameter estimation with post-selection. For the evo-
lution corresponding to Uˆ(g), the probability of detect-
ing system A in the state |ψf 〉 immediately after t0 is
pf (g) = ‖〈ψf |Uˆ(g)|Ψi〉‖2. If A is detected in the state
|ψf 〉,M is left in the normalized state
|φf (g)〉 = 〈ψf |Uˆ(g)|ψi〉|φi〉/
√
pf (g). (4)
The original WVA strategy involves measuring the meter
M only when the system A is post-selected in |ψf 〉. The
post-selection statistics – described by the post-selection
probability pf (g) in the asymptotic limit ν → ∞ – is
ignored in the estimation of g. Full consideration of the
post-selection procedure should take it into account. This
can be described through a set of generalized measure-
ment operators {|ψf 〉〈ψf | ⊗ Eˆj , (1ˆA − |ψf 〉〈ψf |) ⊗ 1ˆM},
j = 1, 2, . . . n, where the set {Eˆj}, with
∑n
j=1 Eˆj = 1ˆM,
acts on the states of M [18, 29]. The corresponding
Fisher information for the estimation of the coupling con-
stant g, as defined by (1), is Fps(g) = Fm(g) + Fpf (g),
where
Fm(g) = pf (g)
n∑
j=1
1
Pj(g)
[
dPj(g)
dg
]2
, (5)
with Pj(g) = 〈φf (g)|Eˆj |φf (g)〉, is the Fisher information
associated to measurements on the state of the meter
after post-selection, times the probability pf (g) that the
post-selection succeeds, and
Fpf (g) =
1
pf (g)[1− pf (g)]
[
dpf (g)
dg
]2
(6)
stands for the information on g encoded in pf (g).
The amount of information Fm(g) quantifies the per-
formance of the estimation for the original WVA. It takes
into account both the enhancement provided by the post-
selection, through the state (4), and the degradation due
to the loss of statistical data, through the probability
pf (g). Fpf (g), on the other hand, quantifies the amount
of information on g acquired from pf (g) itself. The to-
tal information Fps(g) is obtained with the best unbi-
ased estimative of g that considers all available data in
the experiment, when the meter is monitored only if the
post-selection of the system is successful.
The maximal value Fm(g) of Fm(g) over all POVM’s
acting in the Hilbert space of the meter is obtained by
inserting |φf (g)〉 into (2), with x ≡ g, and multiplying
the result by pf (g), yielding
Fm(g)=4
[
〈Qˆ(g)†Qˆ(g)〉−
∣∣∣〈Qˆ(g)†Oˆ(g)〉∣∣∣2 /pf (g)] , (7)
where Oˆ(g) = 〈ψf |e−igAˆMˆ |ψi〉 and Qˆ(g) =
〈ψf |AˆMˆe−igAˆMˆ |ψi〉 are operators that act in the
Hilbert space of the meter. Note that Fm(g) is a
functional of |Ψi〉 and of |ψf 〉, the post-selected state.
We define Fps(g) ≡ Fm(g) + Fpf (g). Since in all
reported WVA experiments only the meter is measured,
a challenging question is whether the quantum Fisher
information given in (3) can be attained by Fm(g) alone.
If not, can this be accomplished by Fps(g)?
In the next section we examine these questions, as we
specialize these results to the weak-coupling regime.
Weak-coupling regime with balanced meters. We solve
the problem of maximizing Fps(g) over the state |ψf 〉
in the weak-coupling limit, with the condition 〈Mˆ〉 = 0
(balanced meter). Then ∆ ≡ 〈Mˆ2〉1/2 is the standard
deviation of the initial distribution of eigenvalues of Mˆ ,
3and the quantum Fisher information becomes F(g) =
4〈Aˆ2〉∆2. Under these conditions, and for separable ini-
tial states, we shall show that it is always possible to find
a post-selected state |ψf 〉, such that Fps(g) reaches, up
to first order in g, the quantum Fisher information F(g).
Those conditions, although restrictive, are fulfilled in all
experiments aimed to amplify weak signals, reported so
far [2–8, 13]. We discuss first the situation where Fm(g)
alone reaches F(g).
For g sufficiently small, we show in the Supplemental
Material [30] that Fm(g) = 4∆2|〈ψi|Aˆ|ψf 〉|2[1 + O(g)].
This implies that the ansatz |ψoptf 〉 = Aˆ|ψi〉/〈Aˆ2〉1/2
leads to Fm(g) → Foptm (g) = F(g) + O(g2), where the
superscript opt specifies quantities corresponding to the
above post-selection. Therefore, Foptm (g) coincides with
the quantum Fisher information, up to first order in g.
For this optimal post-selection, the correction must be
necessarily non-positive, independently of the sign of g,
which excludes corrections of O(g).
Quantifying the meaning of “g sufficiently small” re-
quires careful consideration of the relative magnitudes of
δ ≡ 〈ψoptf |ψi〉 = 〈Aˆ〉/〈Aˆ2〉1/2 and g, since |δ| may be-
come much smaller than one, for some initial states, as
discussed in the following. We shall show however that,
except for very small values of |δ|, as compared to g,
the information from the meter is enough to saturate the
quantum Fisher information F(g).
It is worthwhile to note that, for any Aˆ and |ψi〉,
Aˆ|ψi〉 = 〈Aˆ〉|ψi〉 + [〈Aˆ2〉 − 〈Aˆ〉2]1/2|ψi〉⊥, where |ψi〉⊥
is orthogonal to |ψi〉. Therefore, |ψoptf 〉 is not, in general,
necessarily quasi-orthogonal to the initial state, which is
typically assumed in the WVA literature to be the ideal
post-selected state. Indeed, depending on |ψi〉, |ψoptf 〉
may vary continuously from a state parallel to the initial
state (when |ψi〉 is an eigenstate of Aˆ) to a state orthog-
onal to |ψi〉 (when 〈Aˆ〉 = 0).
The weak value of Aˆ is defined as Aw =
〈ψf |Aˆ|ψi〉/〈ψf |ψi〉 [1]. For |ψf 〉 = |ψoptf 〉, this becomes
Aw = 〈Aˆ2〉/〈Aˆ〉, which, for any state that is not an eigen-
state of Aˆ, is larger than the average value of Aˆ, i.e.,
there is amplification of the signal. In general, the mag-
nitude of Aw depends on the smallness of the absolute
value of the scalar product of the pre- and post-selected
states of the system. The limit of amplification, in order
that the weak value be well defined, was discussed ear-
lier in the literature [31, 32]. In particular, it is required
that g|Aw|∆  1. Indeed, the signal obtained from the
measurement of the meter is de-amplified as one tries
to get very close to the orthogonal post-selection, which
has been named the inverted region [32]. The optimal
post-selected state |ψoptf 〉, which leads to the best preci-
sion in the estimation of g, does not provide the largest
possible amplification established by [31], since |δ| is not
necessarily much smaller than one.
We show now that, in two limiting cases, the informa-
tion on g gets concentrated either in Foptm or F optpf . We
assume in the following balanced meters and the post
selection of |ψoptf 〉. We have then [30]:
(a) If |δ|  g〈Aˆ2〉1/2∆, or equivalently g|Aw|∆  1,
then F optpf (g) = F(g)[1 + O(ε)], and Foptm (g) = O(ε),
where ε = Max{|δ|, g2, (δ/g)2}. In this case, full informa-
tion on g can be obtained from the statistics of success-
ful post-selection detections in |ψoptf 〉. One should note,
however, that this is the region of parameters for which
the usual weak-value theory breaks down [32]. Further-
more, this condition holds in a small region of overlaps
δ, since the convergence of the expansion in g requires
that g〈Aˆ2〉1/2∆ 1 [32]. Typical experimental values of
g〈Aˆ2〉1/2∆ range from 10−3 [4, 9] to 10−8 [5].
(b) If |δ|  g〈Aˆ2〉1/2∆, or equivalently g|Aw|∆  1
(regime of validity of the weak-value theory), Foptm (g) =
F(g)[1 + O(g2)], and F optpf (g) = O(g2). Therefore, full
information on g is now obtained by considering just the
best measurement on the pointer after post-selection.
One should note that condition (a) includes the re-
gion of initial states where |ψoptf 〉 becomes orthogonal to
|ψi〉. This implies, surprisingly, that even though exact
orthogonality is avoided in typical WVA treatments, it
actually leads to saturation of the quantum Fisher infor-
mation, with the information on g fully concentrated in
the statistics of successful post-selection events. Then,
measurements on the meter, the ones considered in most
WVA analysis, yield no information on g.
All these results were obtained for post-selection in
|ψf 〉 = |ψoptf 〉. As shown in the Supplementary Mate-
rial [30], the choice |ψf 〉 = |ψi〉 also leads to Fps(g) =
F(g)+O(g2). In this case, the information obtained from
the statistics of successful post-selection becomes impor-
tant in a broader region of initial states. One should note,
however, that in this case Aw = 〈ψi|Aˆ|ψi〉, and therefore
there is no weak-value amplification. This shows that,
even in a post-selection procedure, WVA is not needed
in order to increase the precision in the estimation of g.
The example discussed in the following illustrates the
results of this section.
Weak-value amplification of a spin. Consider a two-
level system, which interacts with the meter in such
a way that Aˆ = σˆz. We parametrize the pre- and
post-selected states by the angles {θi, θf , φi, φf}, so
that |ψi〉 = cos(θi/2)|0〉 + eiφi sin(θi/2)|1〉 and |ψf 〉 =
cos(θf/2)|0〉+eiφf sin(θf/2)|1〉, where |0〉 and |1〉 are the
eigenvectors of σˆz corresponding to the eigenvalues +1
and −1, respectively. Since Aˆ2 = 1ˆ, the small-coupling
condition requires that g∆ 1.
According to the previous discussion, the bound F(g)
can be approached when |ψf 〉 = σˆz|ψi〉, 〈Mˆ〉 = 0, and
if terms of O(g2) are neglected. For this post-selected
state, θf = θi = θ and φ ≡ φf − φi = pi (δ = cos θ).
Notice that Foptm (g), Fpf (g), and Foptps (g) are invariant
under the transformation θ → pi − θ.
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Figure 1: Bounds for the information from the meter, Foptm (g)
(dashed line) and from the probability of post-selection,
F optpf (g) (dotted-dashed line), normalized by the quantum
Fisher information, as a function of θi, for g∆ = 0.1. The
full line, also displayed in the inset, is the sum of the two con-
tributions. It does not reach the value one, since saturation
of F(g) is up to errors of O(g2).
Figure 1 illustrates the balance of information between
meter and post-selection statistics by plotting the contri-
butions of Foptm (g)/F(g) (dashed line) and F optpf (g)/F(g)
(dotted-dashed line) as a function of θi, for g∆ = 0.1.
We have assumed that the initial state of the meter is a
pure state with a Gaussian distribution of the eigenval-
ues of Mˆ , with width ∆ = 〈Mˆ2〉1/2. For |δ|  g∆ (case
(a)), the major contribution to the quantum Fisher in-
formation comes from F optpf (g). As |δ| increases, the con-
tribution Foptm (g) becomes more relevant (case (b)). The
point where the two contributions coincide is very close to
|δ| = g∆, or equivalently |Aw| = (g∆)−1, as one should
expect from the above analysis.
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Figure 2: Fm(g) normalized to F(g) as a function of θf for
θi = pi/3 and φ = pi. The inset shows the full post-selected
Fisher information Fps(g), showing that Fpf (g) fills the dip of
Fm(g). g∆ = 10−1 (dotted-dashed blue line), 10−2 (dashed
red line), 10−3 (full black line).
Figure 2 illustrates the behavior of Fm(g)/F(g) and
Fps(g)/F(g) (inset), normalized to the quantum Fisher
information, as a function of θf , for several values of g∆.
As discussed before, θf = θi corresponds to an optimal
post-selection procedure, since then |ψoptf 〉 = σˆz|ψi〉. As
shown in Fig. 2, there is a dip in Fm(g), which corre-
sponds to the region where Fpf (g) must be taken into
account. This dip becomes wider as g∆ increases, a be-
havior that is analytically described in the Supplemen-
tal Material [30]. The inset shows that the maximum
of Fps(g) is reached for θf = θi ≈ pi/3, for the values
of g∆ considered. For g∆  1, the meter information
dominates over practically the whole range of values of
θf , except for a vary narrow dip, which is compensated
by a corresponding sharp increase of the information in
Fpf (g), so that the full post-selection Fisher information
Fps(g), displayed in the inset, has a smooth behavior.
Post-selection in the initial state is discussed in [30].
Conclusion. We have shown that the information on
the coupling constant between system and meter, ob-
tained through a post-selection procedure that leads to
weak-value amplification, saturates the quantum Fisher
information in the weak-coupling regime. As the post-
and pre-selected states get orthogonal to each other, the
information on the parameter gets transferred from the
meter to the post-selection statistics, which then plays
the dominant role in the estimation protocol, albeit re-
stricted to a small fraction of the space of pre-selected
states. These results imply that one of the main advan-
tages of weak-value amplification, namely the ability to
amplify signals of the meter, does not spoil the estima-
tion precision, even though it relies on the reduced data
set corresponding to the conditional observation of the
meter.
Acknowledgments. This research was supported by the
Brazilian agencies FAPERJ, CNPq, CAPES, and the Na-
tional Institute of Science and Technology for Quantum
Information.
[1] Y. Aharonov, D. Z. Albert, and L. Vaidman, Phys. Rev.
Lett. 60, 1351 (1988).
[2] N.W.M. Ritchie, J.G. Story, and R. G. Hulet, Phys. Rev.
Lett. 66, 1107 (1991).
[3] P. H. Souto Ribeiro, S. P. Walborn, C. Raitz, Jr., L.
Davidovich, and N. Zagury, Phys. Rev. A 78, 012326
(2008).
[4] O. Hosten and P. Kwiat, Science 319, 787 (2008).
[5] P. B. Dixon, D. J. Starling, A. N. Jordan, and J. C.
Howell, Phys. Rev. Lett. 102, 173601 (2009).
[6] J. C. Howell, D. J. Starling, P. B. Dixon, P. K. Vudyasetu,
and A. N. Jordan, Phys. Rev. A 81, 033813 (2010).
[7] D. J. Starling, P. B. Dixon, A. N. Jordan, and J. C.
Howell, Phys. Rev. A 80, 041803(R) (2009).
[8] M. D. Turner, C. A. Hagedorn, S. Schlamminger, and J.
H. Gundlach, Opt. Lett. 36, 1479-1481(2011).
5[9] G. Viza, J. Martínez-Rincón, G. A. Howland, H. Frostig,
I. Shomroni, B. Dayan, and J. C. Howell, Opt. Lett. 38,
2949-2952 (2013).
[10] D. J. Starling, P. B. Dixon, N. S. Williams, A. N. Jordan,
and J. C. Howell, Phys. Rev. A 82, 011802(R) (2010).
[11] G. Strübi and C. Bruder, Phys Rev. Lett. 110, 083605
(2013).
[12] O. S. Magaña-Loaiza, M. Mirhosseini, B. Rodenburg, and
R. W. Boyd, Phys. Rev. Lett. 112, 200401 (2014).
[13] D. J. Starling, P. B. Dixon, A. N. Jordan, and J. C.
Howell, Phys. Rev. A 82, 063822 (2010).
[14] Y. Aharonov, L. Davidovich, and N. Zagury, Phys. Rev.
A 48, 1687 (1993).
[15] J. Kempe, Contemporary Physics, 44, 307 (2003).
[16] A. Feizpour, X. Xing, and A. M. Steinberg, Phys. Rev.
Lett. 107, 133603 (2011).
[17] C. Ferrie and J. Combes, Phys. Rev. Lett. 112, 040406
(2014).
[18] J. Combes, C. Ferrie, Z. Jiang, and C. M. Caves, Phys.
Rev. A 89, 052117 (2014) .
[19] A. N. Jordan, J. Martínez-Rincón, and John C. Howell,
Phys. Rev. X 4, 011031 (2014).
[20] G. C. Knee and E. M. Gauger, Phys. Rev. X 4, 011032
(2014).
[21] C. W. Helstrom, Quantum Detection and Estimation
Theory, Academic Press, NY, USA (1976).
[22] A. S. Holevo, Probabilistic and statistical aspects of quan-
tum theory (North-Holland, Amsterdam, 1982).
[23] S. L. Braunstein and C. M. Caves, Phys. Rev. Lett. 72,
3439(1994).
[24] B. M. Escher, R. L. de Matos Filho, and L. Davidovich,
Nature Phys. 7, 406 (2011).
[25] B. M. Escher, R. L. de Matos Filho, and L. Davidovich,
Braz. J. Phys. 41, 229 (2011).
[26] R. A. Fisher, Messenger of Mathematics 41, 155 (1912).
[27] H. Cramér, Mathematical Methods of Statistics (Prince-
ton University, Princeton, 1946).
[28] C. R. Rao, Linear Statistical Inference and its applica-
tions, 2nd edn. (Wiley, New York, 1973).
[29] L. Zhang, A. Datta, and I. A. Walmsley,
arXiv:1310.5302v1 (2013).
[30] See Supplemental Material.
[31] I. M. Duck, P. M. Stevenson, and E.C.G. Sudarshan,
Phys. Rev. D 40, 2112 (1989).
[32] A. G. Kofman, S. Ashhab, and F. Nori, Physics Reports
520, 43-133(2012).
6Supplemental Material
Maximization of Fm(g) and Fps(g) over all possible measurements on the meter.
We assume here, as in the main text, that system A and meter M are initially prepared in the separable state
|Ψi〉 = |ψi〉⊗|φi〉. The maximization of Fm(g), and also of Fps(g), over all possible POVMs {Eˆj} yields the information
Fm(g), and, respectively, Fps(g). Fm(g) can be obtained through the expression of the quantum Fisher information
of the state |φ(g)〉 defined by Eq. (5) of the main text. After a straightforward calculation, we get
Fm(g) = 4pf (g)
[
d〈φ(g)|
dg
d|φ(g)〉
dg
−
∣∣∣∣d〈φ(g)|dg |φ(g)〉
∣∣∣∣2
]
= 4
[
〈Qˆ†(g)Qˆ(g)〉 − |〈Qˆ
†(g)Oˆ(g)〉|2
pf (g)
]
, (S1)
Fpf (g) =
4Im2{〈Qˆ†(g)Oˆ(g)〉}
pf (g)
+
4Im2{〈Qˆ†(g)Oˆ(g)〉}
1− pf (g) , (S2)
where
Qˆ(g) = 〈ψf |AˆMˆe−igAˆMˆ |ψi〉, (S3)
Oˆ(g) = 〈ψf |e−igAˆMˆ |ψi〉. (S4)
pf (g) = 〈Oˆ(g)†Oˆ(g)〉 , (S5)
and we have used the notation 〈Xˆ〉 to denote the average (over the initial state) in the Hilbert space where the
operator Xˆ acts. The coupling constant g is assumed to be dimensionless.
The above expressions imply that
Fps(g) = Fm(g) + Fpf (g) = 4
[
〈Qˆ†(g)Qˆ(g)〉 − Re
2{〈Qˆ†(g)Oˆ(g)〉}
pf (g)
+
Im2{〈Qˆ†(g)Oˆ(g)〉}
1− pf (g)
]
. (S6)
Using the notation (Aˆn)fi ≡ 〈ψf |Aˆn|ψi〉, assuming that (Aˆn)fi is bounded, and defining δ ≡ 〈ψf |ψi〉 as real and
positive (without loss of generality), we have
〈Oˆ†(g)Oˆ(g)〉 = pf (g) = δ2 + 2gδIm{Aˆfi}〈Mˆ〉+ g2
[
|Aˆfi|2 − δRe{(Aˆ2)fi}
]
〈Mˆ2〉
− g3/3 Im{δ(Aˆ3)fi + 3(Aˆ2)∗fiAˆfi}〈Mˆ3〉+ g4/12
[
Re{δ(Aˆ4)fi − 4Aˆ∗fi(Aˆ3)fi}+ 3|(Aˆ2)fi|2
]
〈Mˆ4〉+O(g5) ,
(S7)
〈Qˆ†(g)Qˆ(g)〉 = |Aˆfi|2〈Mˆ2〉 − 2gIm{(Aˆ2)∗fiAˆfi}〈Mˆ3〉+ g2
[
|(Aˆ2)fi|2 − Re{(Aˆ3)∗fiAˆfi}
]
〈Mˆ4〉
− g3/3
[
Im{(Aˆ4)fiAˆ∗fi − 3(Aˆ3)fi(Aˆ2)∗fi}
]
〈Mˆ5〉+ g4/12
[
Re{(Aˆ5)fiAˆ∗fi − 4(Aˆ4)fi(Aˆ2)∗fi}+ 3|(Aˆ3)fi|2
]
〈Mˆ6〉+O(g5) ,
(S8)
and
〈Qˆ†(g)Oˆ(g)〉 = δA∗fi〈Mˆ〉+ ig
[
δ(Aˆ2)∗fi − |Aˆfi|2
]
〈Mˆ2〉+ g2/2
[
2(Aˆ2)∗fiAˆfi − (Aˆ2)fiAˆ∗fi − (Aˆ3)∗fiδ
]
〈Mˆ3〉
− ig3/6
[
δ(Aˆ4)∗fi − 3(Aˆ3)∗fiAˆfi + 3|(Aˆ2)fi|2 − Aˆ∗fi(Aˆ3)fi
]
〈Mˆ4〉
+ g4/24
[
δ(Aˆ5)∗fi − 4(Aˆ4)∗fiAˆfi + 6(Aˆ3)∗fi(Aˆ2)fi − 4(Aˆ2)∗fi(Aˆ3)fi + Aˆ∗fi(A4)fi
]
〈Mˆ5〉+O(g5) .
(S9)
We assume here that the above expansions converge, for g sufficiently small. We will also assume, as in the main text,
that the initial state of the meter satisfies the condition that we call balanced meter:
〈Mˆ〉 = 0. (S10)
7Analysis of the Fisher informations Fm(g), and Fpf (g) as a function of the initial state of the system |ψi〉, for a
general post-selected state |ψf 〉
In analyzing the behavior of (S1, S2, S6) we should consider the dependence on δ of pf (g). It is easy to show that,
using the balanced-meter condition, we may write
pf (g) = δ
2 + g2Z(δ) +R(g, δ) , (S11)
where R(g, δ) is of order g3 and Z(δ) =
[
|Aˆfi|2 − δRe{(Aˆ2)fi}
]
〈Mˆ2〉, which we assume to be different from zero.
Thus,
Fpf (g) =
4g2Z(δ)2 +O(g3)
δ2 + g2Z(δ) +O(g3) +
4g2Z(δ)2 +O(g3)
1− δ2 − g2Z(δ) +O(g3) , (S12)
Fm(g) = 4|Aˆfi|2〈Mˆ2〉 − 8gIm{(Aˆ2)∗fiAˆfi}〈Mˆ3〉+ 4g2
(
|(Aˆ2)fi|2 − Re{(Aˆ3)∗fiAˆfi}
)
〈Mˆ4〉+O(g3)
−
4g2
[
Z(δ)2 + δ2Im2{(Aˆ2)fi}〈Mˆ2〉2
]
+O(g3)
δ2 + g2Z(δ) +O(g3) .
(S13)
Comparison of the magnitude of δ2 and 1− δ2 with the two terms of g2Z(δ) – the largest terms in the denominators
of Fm(g) and Fpf (g) – leads to the following limiting cases:
i. If δ2  g2|Aˆfi|2∆2 (assuming |Aˆfi| 6= 0) and 1−δ2  max
{
g2|Aˆfi|2∆2, g2|Re{(Aˆ2)fi}|∆2
}
, where ∆ ≡ 〈Mˆ2〉1/2
is the standard deviation of the meter eigenvalues distribution, then Fpf ∼ O(g2) and
Fm(g) = 4|〈ψf |Aˆ|ψi〉|2∆2 +O(g). (S14)
ii. In the small region δ2 . g2|Aˆfi|2∆2 (|Aˆfi| 6= 0) we should have Z(δ) ≈ |Aˆfi|2〈Mˆ2〉+O(δ) and R(g, δ) ≈ O(g3).
Hence Fpf (g) may be well approximated by
Fpf (g) =
4g2|Aˆfi|4∆4
δ2 + g2|Aˆfi|2∆2
+O(g) , (S15)
which has the maximum value 4|Aˆfi|2∆2 at δ = 0 (post-selected state orthogonal to the initial state). Analogously,
we may neglect the term δ2Im2{(Aˆ2)fi}∆4 in (S13) which will contribute in order g4 (at most) in the numerator,
and write
Fm(g) = 4 δ
2|Aˆfi|2∆2
δ2 + g2|Aˆfi|2∆2
+O(g). (S16)
Equations (S15) and (S16) explain the sharp dip in Fm captured in Fig. 2 of the main text, around the point
where |ψf 〉 gets orthogonal to |ψi〉, and show that in the same region Fpf has a sharp peak, so that their sum
recovers a smooth function, as shown in the same figure.
iii. The situation when 1− δ2 . max
{
g2|Aˆfi|2∆2, g2|Re{(Aˆ2)fi}|∆2
}
is more subtle. We analyze it in the following,
for specific choices of the post-selected state.
Analysis of the Fisher informations Fps(g), Fm(g), and Fpf (g) as a function of the initial state of the system
|ψi〉, for the post-selected state |ψf 〉 = |ψoptf 〉.
We consider now that the post-selected state of the system A is chosen as |ψf 〉 = |ψoptf 〉 = Aˆ|ψi〉/〈Aˆ2〉1/2. As
before, we assume the initial state of the meter to be such that 〈Mˆ〉 = 0.
8We focus on the physically relevant quantities, which are the information extracted from the meter, Fm(g), given
by (S1) and from the post-selection probability, Fpf (g), as expressed by (S2). Assuming the convergence of the
expansions around g = 0, one has
〈Qˆ†(g)Qˆ(g)〉 = 〈Aˆ2〉〈Mˆ2〉 − g2
[
1− 〈Aˆ
3〉2
〈Aˆ2〉〈Aˆ4〉
]
〈Mˆ4〉〈Aˆ4〉+O(g4) , (S17)
Re2{〈Qˆ†(g)Oˆ(g)〉}
pf (g)
=
1
4
(
1− δ 〈Aˆ
4〉
〈Aˆ2〉1/2〈Aˆ3〉
)2
〈Aˆ3〉2〈Mˆ3〉2g4 +O(g6)
δ2 +
(
1− δ 〈Aˆ
3〉
〈Aˆ2〉3/2
)
〈Aˆ2〉〈Mˆ2〉g2 +O(g4)
, (S18)
Im2{〈Qˆ†(g)Oˆ(g)〉}
pf (g)
=
[
1− δ 〈Aˆ
3〉
〈Aˆ2〉3/2
]2
〈Mˆ2〉2〈Aˆ2〉2g2 +O(g4)
δ2 +
(
1− δ 〈Aˆ
3〉
〈Aˆ2〉3/2
)
〈Aˆ2〉〈Mˆ2〉g2 +O(g4)
, (S19)
Im2{〈Qˆ†(g)Oˆ(g)〉}
1− pf (g) =
[
1− δ 〈Aˆ
3〉
〈Aˆ2〉3/2
]2
〈Mˆ2〉2〈Aˆ2〉2g2 +O(g4)
1− δ2 −
(
1− δ 〈Aˆ
3〉
〈Aˆ2〉3/2
)
〈Aˆ2〉〈Mˆ2〉g2 +O(g4)
. (S20)
where δ ≡ 〈ψoptf |ψi〉 = 〈Aˆ〉/〈Aˆ2〉1/2.
We show now that Fps(g) saturates the quantum Fisher information, up to terms of first order in g. We notice
from (S17) that the first term on the right-hand side of (S6) already saturates the quantum Fisher information F ,
up to first order in g. From (S18), the second term on the right-hand side of (S6) is at most of O(g2). Furthermore,
the third term on the right-hand side of (S6) is always positive, and therefore must be of O(g2), since Fps cannot be
larger than F . Therefore,
Fps(g) = 4〈Aˆ2〉∆2 +O(g2) . (S21)
We analyze now two limiting cases, for which the information on g is obtained either from the meter or from the
post-selection statistics.
(a) For |δ| = 〈Aˆ〉/〈Aˆ2〉1/2  g〈Aˆ2〉1/2∆, the contribution from (S18) is of O(g2), as well as that from (S20). On
the other hand, (S19) contributes with O(g0) in this limit. In this regime, and assuming also that δ〈Aˆ3〉/〈Aˆ2〉3/2  1,
(S19) can be written as
Im2{〈Qˆ†(g)Oˆ(g)〉}
pf (g)
=
g2〈Aˆ2〉2∆4
δ2 + g2〈Aˆ2〉∆2 +O
(
Max{δ, g2}) ' 〈Aˆ2〉∆2 +O [Max{δ, g2, (δ/g)2}] , (S22)
such that we end up with
Fm(g) = O
[
Max{δ, g2, (δ/g)2}] , (S23)
Fpf (g) = 4〈Aˆ2〉∆2 +O
[
Max{δ, g2, (δ/g)2}] . (S24)
This expression coincides, up to first order in g, with the quantum Fisher information. Therefore, in this limit, the
information on g is obtained solely from the post-selection statistics.
(b) For |δ|  g〈Aˆ2〉1/2∆, the contribution from (S18) is of O(g4) and that of (S19) is of O(g2).
9We show now that the contribution from (S20) is of O(g2). This is trivially true if 1− δ2 is not much smaller than
one: then, it will be the dominating term in the denominator, and the right-hand side of (S20) will be of O(g2). We
show in the following that this still holds if 1 − δ2  1. In the limit δ → 1, |ψi〉 → |a〉, where |a〉 is some eigenstate
of Aˆ with eigenvalue a. Therefore, for small values of 1− δ2, |ψi〉 should be of the form
|ψi 〉 =
|a〉+ |b〉√
1 + 2
, (S25)
where Aˆ|a〉 = a|a〉, 〈b|a〉 = 0 and  is chosen as real (without loss of generality), with   1. This implies that
δ2 = 〈ψi |Aˆ|ψi 〉2/〈ψi |Aˆ2|ψi 〉 = 1−O(2), that is, 1− δ2 = O(2). Also, the term of O(g2) in the denominator of (S20)
can be written as
g2Z(δ) ≡
(
1− δ〈Aˆ3〉/〈Aˆ2〉3/2
)
〈Aˆ2〉〈Mˆ2〉g2 =
g22〈Mˆ2〉
[
2a2(Aˆ2)bb − a(Aˆ3)bb − a3Aˆbb +O(2)
]
(1 + 2)(a2 + 2(Aˆ2)bb)
= O(2g2) , (S26)
so that
g2|Z(δ)|
1− δ2 = O(g
2), (S27)
implying that, in the denominator of (S20), the term 1− δ2 always dominates over g2Z(δ). Furthermore, in the same
region 1 − δ2  1, the numerator of (S20) is of O(4g2), so that (S20) is indeed of O(g2). From (S1) and (S2), one
has then, for |δ|  g〈Aˆ2〉1/2∆,
Fm(g) = 4〈Aˆ2〉∆2 +O(g2) , (S28)
and
Fpf (g) = O(g2) . (S29)
Therefore, in this limit, the information on g stems from the meter alone.
Analysis of the Fisher informations Fps(g), Fm(g), and Fpf (g) as a function of the initial state of the system
|ψi〉, for the post-selected state |ψf 〉 = |ψi〉.
The Fisher informations Fps(g), Fm(g), and Fpf (g) can be analyzed for |ψf 〉 = |ψi〉, in the limit of weak coupling,
for 〈Mˆ〉 = 0, by using the expansions (S7), (S8), and (S9)). For |ψf 〉 = |ψi〉, these expansions yield, respectively,
〈Qˆ†(g)Qˆ(g)〉 = 〈Aˆ〉2〈Mˆ2〉+ g2
(
〈Aˆ2〉2 − 〈Aˆ3〉〈Aˆ〉
)
〈Mˆ4〉+O(g4), (S30)
〈Qˆ†(g)Oˆ(g)〉 = ig
(
〈Aˆ2〉 − 〈Aˆ〉2
)
〈Mˆ2〉+ g
2
2
(
〈Aˆ2〉〈Aˆ〉 − 〈Aˆ3〉
)
〈Mˆ3〉+O(g3), (S31)
pf (g) = 1− g2
(
〈Aˆ2〉 − 〈Aˆ〉2
)
〈Mˆ2〉+O(g4). (S32)
One gets, up to order g2:
Fm(g) = 4〈Aˆ〉2〈Mˆ2〉+ g2〈Mˆ4〉〈Aˆ2〉2
(
1− 〈Aˆ〉〈Aˆ
3〉
〈Aˆ2〉2
)
−
4
(
1− 〈Aˆ〉2〈Aˆ2〉
)2
〈Aˆ2〉2〈Mˆ2〉2g2 +O(g4)
1 +
(
〈Aˆ〉2
〈Aˆ2〉 − 1
)
〈Aˆ2〉〈Mˆ2〉g2 +O(g4)
+O(g4) , (S33)
Fpf (g) =
4g2〈Mˆ2〉2〈Aˆ2〉2
(
1− 〈Aˆ〉2〈Aˆ2〉
)2
+O(g4)
g2〈Mˆ2〉〈Aˆ2〉
(
1− 〈Aˆ〉2〈Aˆ2〉
)
+O(g4)
+O(g2) . (S34)
10
Therefore,
Fm(g) = 4〈Aˆ〉2∆2 +O(g2), (S35)
and
Fpf (g) = 4
(
〈Aˆ2〉 − 〈Aˆ〉2
)
∆2 +O(g2), (S36)
so that the total quantum Fisher information corresponding to the post-selection strategy is
Fps(g) = 4〈Aˆ2〉∆2 +O(g2), (S37)
which shows that the post-selection in the state |ψf 〉 = |ψi〉 also saturates the quantum Fisher information, up to
terms of first order in g. One should note, however, that in this case the repartition of information between the meter
and the post-selection statistics differs markedly from that corresponding to the post-selection strategy previously
discussed: in particular, even though the probability of post-selection is close to one, the information on g is obtained
from the post-selection statistics alone if the initial state of the system is such that 〈Aˆ〉 = 0.
Exact expressions for the Fisher information Fps(g), Fm(g), and Fpf (g) as functions of the initial state |ψi〉 of a
two-level quantum system (qubit).
We take U(g) = e−igσˆ3Mˆ , where σˆ3 is a Pauli operator of the two-level system and Mˆ is an operator of the meter.
We assume a balanced meter with an initial Gaussian probability distribution of eigenvalues of Mˆ , with a width given
by ∆ =
√
〈Mˆ2〉. The initial and post-selected states are parametrized as |ψi〉 = cos(θi/2)|0〉 + exp(iφi) sin(θi/2)|1〉,
|ψf 〉 = cos(θf/2)|0〉 + eiφf sin(θf/2)|1〉, where |0〉 and |1〉 are eigenvectors of σˆ3 corresponding respectively to the
eigenvalues +1 and −1. We may easily obtain analytic expressions for the quantities in (S1), (S2), and (S5). Defining
A = cos(θi/2) cos(θf/2) and B = eiφ sin(θi/2) sin(θf/2), where φ ≡ φf − φi, one has:
pf (g) = A
2 + |B|2 + 2ARe{B}e−2g2∆2 , (S38)
Fm(g) = 4∆2
{
A2 + |B|2 − 2ARe{B}e−2g2∆2(1− 4g2∆2)
− 16A
2Re2{B}g2∆2e−4∆2g2
A2 + |B|2 + 2ARe{B}e−2g2∆2
}
,
(S39)
and
Fpf (g) =
64g2∆4A2Re2{B}e−4g2∆2
pf (g)(1− pf (g)) .
(S40)
Analytical results for the post-selection state |ψf 〉 = |ψoptf 〉
In this case, one should take θi = θf = θ and φ = pi, so that A = cos2(θ/2), B = − sin2(θ/2). From (S39) and (S40),
one gets
Fm(g)
F =
1
2
(1 + cos2 θ) +
1
2
(1− 4g2∆2)e−2g2∆2 sin2 θ − 2g
2∆2e−4g
2∆2 sin4 θ
1 + cos2 θ − e−2g2∆2 sin2 θ , (S41)
Fpf (g)
F =
4g2∆2e−4g
2∆2 sin2 θ
(1 + cos2 θ − e−2g2∆2 sin2 θ)(1 + e−2g2∆2) . (S42)
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For g∆ 1, expand (S41) and (S42) and obtain
Fm(g)
F =
δ2
δ2 + (1− δ2)g2∆2
[
1 +O(g2)] , (S43)
Fpf (g)
F =
(1− δ2)g2∆2
δ2 + (1− 2δ2)g2∆2
[
1 +O(g2)] , (S44)
where δ2 = cos2 θ. We notice that Fpf contributes to the Fisher information only in a very small region ∆θ ≈ O(g∆)
near the equatorial plane in the Bloch sphere. Outside this region Fm(g)/F(g) ≈ 1. Indeed Fm(g) is larger than
Fpf (g) as θ increases from zero up to the value (pi/2−g∆), when their contributions to the Fisher information coincide,
if one neglects contributions of O(g2).
Analytical results for the post-selection state |ψf 〉=|ψi〉
In this case, one should take θi = θf = θ and φ = 0. From (S39) and (S40) one gets
Fm(g)
F =
1
2
(1 + cos2 θ)− 1
2
(1− 4g2∆2)e−2g2∆2 sin2 θ − 2g
2∆2e−4g
2∆2 sin4 θ
1 + cos2 θ + e−2g2∆2 sin2 θ
, (S45)
Fpf (g)
F =
4g2∆2e−4g
2∆2 sin2 θ
(1 + cos2 θ + e−2g2∆2 sin2 θ)(1− e−2g2∆2) . (S46)
Expansion of these expressions for g∆ 1 leads to
Fm(g)
F ≈ cos
2 θ − g2∆2(sin4 θ − 3 sin2 θ) , (S47)
Fpf (g)
F ≈ sin
2 θ + g2∆2(sin4 θ − 3 sin2 θ)) . (S48)
Therefore, in this case the Fisher information corresponding to the post-selection statistics must be taken into account
over a broader range of initial states, as compared to the post-selection strategy considered before.
